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Abstract. In this paper we further study the notion of proper costrat- 
ifying systems, defined in IMP VI . We give sufficient conditions for their 
existence, and investigate the relation between the stratifying systems 
defined by K. Erdmann and C. Saenz in IESI with the proper costrati- 
fying systems. 

Introduction. 

In |MPV| we define and study the notion of a proper costratifying system, 
which is a generalization of the so called proper costandard modules to the 
context of stratifying systems. 

K. Erdmann and C. Saenz defined in |ESj the notion of a stratifying system 
(0 = {0(i)}f =1 , Y, <), and proved that such a system satisfies that each 0(i) 
is indecomposable and Ext A (0(i), 0(j)) = for i > j. Reciprocally, they also 
showed that given a family of indecomposable A-modulcs = {0(i)}| =1 satis- 
fying that Ext A (0(i), 0(i)) = for i > j, and such that Hom A (0(i), 00')) = 
for i > j, there is a stratifying system (0, Y, <). 

For proper costratifying systems, the situation is different. On the one 
hand, it is true that the ^(i)'s of a proper costratifying system ("J, Q, <) sat- 
isfy that Ext A (*(i),*0')) = for i < j (see [MP VI Lemma 3.8]). However, 
the existence of a family * = {^(i)}* = x such that Hom A (\E'(i), ^(j)) = = 
Ext A (^ r (i), ^(j)) for i < j, docs not ensure the existence of a proper costrat- 
ifying system (vp , Q, <), even if we assume that EndA( v I'(i)) is a division ring 
for all i e [l,t]. 

In this paper we prove an existence result for proper costratifying systems 
in this direction. To this end, we assume as an additional hypothesis that the 
length of the indecomposable modules filtered by \& is uniformly bounded. 

Let -P(l), ...,P(n) be an ordered sequence of the non-isomorphic indecom- 
posable projective modules over an artin algebra A. By definition, the stan- 
dard module aA(j) is the largest factor module of P(i) with composition 
factors only amongst 5(1), S(i), where S(j) is the simple top of P(j). De- 
note by mod(A) the category of finitely generated left A-modulcs. Let J(aA) 
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denote the subcategory of mod (A) consisting of the A- modules having a fil- 
tration with factors isomorphic to standard modules. The algebra A is said 
to be standardly stratified if all projective A-modules belong to J(aA) (see 
[CPS] . [ADL] . jAHLUj . jW], [ES], [FR], Qj3]). 

For an artin algebra A there exists another family of modules which plays 
an important role: the proper standard (respectively, the proper costandard) 
modules aA(i) (respectively, aV(i)), defined as some appropriated factors 
of the aA(£) (respectively, submodules of the A V(i)). These modules were 
defined by V. Dlab and have the property that A is a standardly stratified 
algebra, that is, all projective A-modules belong to J(aA), if and only if all 
injective A-modules belong to J(aV) (see [D] and [E]). Here 7"(aV) denotes 
the subcategory of mod(A) consisting of the A-modules having a filtration 
with factors isomorphic to proper costandard modules. 

In connection with the study of standardly stratified algebras, I. Agoston, 
D. Happcl, E. Lukacs and L. Unger showed, for such an algebra (A, <), that 
J"( A V) = J(aA) 11 = {M e mod(A) : Ext A (J"( A A), M) = 0} (see jAHLUj ). 
In addition, they proved that there exists a tilting A- module T = {T(i)}™ =1 , 
called the characteristic tilting module, such that add(T) = J 7 (\A)nJ-(A^)' Ll 
(see also |PRj ). Moreover, ( A A, {T(i)}™ =1 , <) is a stratifying system and 
(aV, {T(i)}™ =1 , <) is a proper costratifying system. This motivates the fol- 
lowing problem: given a set Q = {Q(i)}* =1 of pairwise non-isomorphic in- 
decomposable A-modules and a linear order < on {1,2, ...£}, how does the 
existence of a proper costratifying system (^, Q, <) relate to the existence of 
a stratifying system (8, Q, <)? In section 5 we study this question, proving 
two theorems. The first one gives, for a given proper costratifying system 
(^jQjli), necessary and sufficient conditions for the existence of a family 
= {0(i)}|_ 1 in mod(A) such that (0,Q,<) is a stratifying system. The 
second one is the reciprocal result. 

1. Preliminaries 

Throughout this paper A is an artin R-algebra, where R is a commutative 
artinian ring. The term 'A-module' means finitely generated left A-module. 
The category of finitely generated left A-modules is denoted by mod (A) and 
the full subcategory of finitely generated projective A-modules by proj (A). 
Let ind (A) denote the full subcategory of mod (A) whose objects consist of 
chosen representatives of isomorphism classes of indecomposable modules in 
mod (A). For A-modules M and N, Tim (N) is the trace of M in N, that is, 
Ttm (N) is the A-submodule of N generated by the images of all morphisms 
from M to N. Let D : mod (A) — > mod (A op ) denote the usual duality for 
artin algebras, and * denote the functor HomA(— , A) : mod (A) — > mod (A op ). 
Then * induces a duality from proj (A) to proj(A op ). For a given natural 
number t, we set [1, t] = {1, 2, • ■ • , t}. 
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Let A be an algebra and n be the rank of the Grothendieck group Kq (A) . 
We fix a linear order < on [l,n] and a representative set \P = {aP(i) ■ i € 
[1, n]} containing one module of each iso-class of indecomposable projective A- 
modulcs. The injective envelope of the simple A-module \S(i) = top (\P(i)) 
is denoted by a^(«)- F° r the opposite algebra A op , wc always consider the 
representative set a°pP = {\°pP(i) '■ i £ [1,^-]} of indecomposable projective 
A op -modules, where A°pP{i) = (aP(i))* for all i G [l,n]. So, with these 
choices in mind, we recall the definition (see [RllDRirADLllD] ) of the following 
classes of A-modules: 

The set of standard A-modules is aA = {aA(j') : i € [1, n]}, where aA(£) = 
AP(i)/Tr0 a p(j) (a-P(*))- Then, aA(j) is the largest factor module of aP(i) 
with composition factors only amongst a^U) for j < i- The set of costandard 
A-modules is aV = _D(a°pA), where the pair (a°p-Pj<) is used to compute 
A o P A. _ _ 

The set of proper standard A-modules is a A = {aA(j) : i G [l,n]}, where 
aA(i) = A-P(i)/Tr©j>i A-P(j) ( ra d A-P(*))- Then, aA(i) is the largest factor 
module of aA(i) satisfying the multiplicity condition [aA(i) : S(i)] = 1. The 
set of proper costandard A-modules is aV = D(a°p A), where the pair (a°p-P, <) 
is used to compute a°?A. 

Let J(aA) be the subcategory of mod (A) consisting of the A-modules 
having a AA-filtration, that is, a filtration = Mq C Mi C • • • C M s = AI 
with factors Mj+i/Mj isomorphic to a module in a A for all i. The algebra A 
is a standardly stratified algebra with respect to the linear order < on the set 
[l,n], if proj(A) C J-(aA) fsee [ADLl IE1 [CPS] ). 

Let A be an algebra and C a class of objects in mod (A). For each natural 
number n, we set ±n C = {M £ mod (A) : Ext A (M, -)| c = 0} and = 
n n >o ±n C. The notions of C ±rl and C 1 - are introduced similarly. 

In addition, we recall that the A-length of the class C is £a{C) = sup {£a{C) : 
C G C}, where £a(C) stands for the length of the A-module C. 

Finally, for a A-module M, add (M) denotes the full subcategory of mod (A) 
consisting of the direct summands of direct sums of copies of M. 

2. Proper pre-costratifying systems 

We begin by recalling the definition of proper costratifying systems intro- 
duced in jMPVj . 

Definition 2.1. Let A be an artin R-algebra. A proper costratifying system 
O^j Qi of size t in mod(A) consists of two families of A-modules = 
{^ r (i)}*_ 1 and Q = {Q(i)}* =1 , with Q(i) indecomposable for all i, and a 
linear order < on the set [l,t], satisfying the following conditions. 

(a) EndA( v I / (j)) is a division ring for all i G 

(b) Hom A (*(i),*(i)) = ifi<j. 
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(c) For each i G [l,t], there is an exact sequence 

£l :0^ Z(i) — > Q(i) A *(») — > 0, 

with Z(i) G Hi^U) ■ j < *})• 

(d) Q C t/wrf is, Ext A (<2(i), -)|* = /or any i G [l,n]. 

Our aim is to show an existence result for proper costratifying systems along 
the lines of the existence result of K. Erdmann and C. Saenz for stratifying sys- 
tems, mentioned in the introduction of this paper. As we said there, we have 
a different situation for proper costratifying systems. In fact, the existence of 
a family * = {*(i)}| =1 such that Hom A (*(i), = = Ext A (*(i), #(j)) 

for i < j, does not guarantee the existence of a proper costratifying system 
C^i Qj <)j even if we assume that End A (^(i)) is a division ring for all i G [1, t], 
as we show in the following example. 

Example 2.2. Let A be the path algebra of the quiver 



o : o 
1 *~2 

l 

with the natural order 1 < 2. Consider * = {^(1) = k =3 k}. Then *(1) 

l 

belongs to a tube T in the AR quiver of A. It follows from the structure of 

the tube that T Q J-(^). So T^) contains modules of arbitrary length. Let 

now (2(1) G J 7 ^)- Then, there exists a monomorphism ^(1) — )• Q(l), so that 

<2(1) G T or Q(l) is preinjective. If there is, moreover, a map <2(1) — ► ^(1), 

l 

then Q(l) G T. So, if Q(l) satisfies (c) inO then Q(l) = fc ? =£ fc l for some 

i > 1 (here J^i denotes the Jordan block corresponding to the eigenvalue 1), 
and therefore Ext A (Q(l), (1)) f since there is a non-split exact sequence 

— > *(1) — ► (k i+1 =4 k l+1 ) — ► Q(l) — ► 0. 

This proves that there is no module <2(1) G J-(^) satisfying (c) and (d) in 
Definition 12.11 Thus, there is no proper costratifying system (*f?,{Q(l)},<) 
for the family \&. 

With the previous example in mind, we prove our desired existence result 
for proper costratifying systems, assuming as an additional hypothesis that 
the length £\(X) of the indecomposable modules X in J-(*f?) is uniformly 
bounded. We also introduce the following notion. 

Definition 2.3. Let A be an artin R-algebra. A proper pre- costratifying 
system (^, <) of size t in mod (A) consists of a family of A- modules = 
{^K*)}<=1 an ^ a linear order < on the set [l,t], satisfying the following con- 
ditions. 
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(a) EndA(5'(i)) is a division ring for alii G 

(b) HomA(*(i), *(?')) = for i < j. 

(c) Exti(*(i),*(j)) = Oybri<j. 

Remark 2.4. It is not hard to prove, by using an inductive argument, that 
whenever (b) in the above definition holds for the family then HomA(AT, Y) = 
0, for X G .F({tt (j) : j < s}), Y G : J > «}) and s G [l,f]. 

Definition 2.5. Lei <) oe a proper pre- co stratifying system of size t in 
mod(A), and let X G J 7 ^)- An ordered ^ -filtration of X of length n is 

a ^ -filtration 



.x 



o = x c x 1 c x 2 c • • ■ c x n _! a„ = i, 



factors Xk/Xk-i — *&{ik) for all 1 < k < n and ix < i% < • • • < i„. In 
i/izs case, we aZso say </iaf min (D„.x) = i\- 

Remark 2.6. The hypothesis about Ext 1 , assumed in Definition 12.31 (c). en- 
sures the existence of ordered ^-nitrations (see jMPVl Lemma 3.10]). More- 
over, any ^-filtration of X can be rearranged to an ordered one with the same 
^-composition factors. 

We aim to show that min (O n ,x) depends only on X, and not on the chosen 
ordered ^-filtration. In order to do that, we start with the following lemma. 

Lemma 2.7. Let , <) be a proper pre- co stratifying system of size t in 
mod(A), and consider the following diagram in mod (A) 



e : ► *(s) > X — — > Y > 0, 

where e is an exact sequence. If X £ J-({^>(j) : j > s}) and q ^ 0, then 
s > s. 

Proof. Let X G J-({^(j) : j > s}) and g ^ 0. Consider the following 
pull-back diagram 

e' : ► *(s) > E — ^— > *(s) > 

u 



e : > *(s) ► X — > r ► 0. 

If e' does not split then Ext A (^(s), ^(s)) 0, and so s > s. Assume now that 
e' splits. Therefore, there exists q' : ^f(s) — > X such that pq 1 = q, and since 
q ^ 0, it follows that Hom A (f(s), X). Thus, from Remark [2^41 we 

conclude that s > s since AT G J-({^(j) : j > s}). □ 
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Proposition 2.8. Let <) be a proper pre-costratifying system of size t in 
mod (A), and let A G J~(^). If O m .x and D' n ^x are ordered $ -filtrations of 
X, then min (& m ,x) = min (O'n.x)- 

Proof. Let min(£) m) x) = *i and mm(D n _x) = ji- So, we have the exact 
sequences e x : -> ^ I ^ 7 and £2 : -> *(ji) ^ X ^ 

Z — > in mod(A). Let q := p\v 2 : ^(ii) — > Y. If g 7^ 0, then from Lemma 
12.71 it follows that ji > i\ since X 6 : j > ii}). On the other hand, 

if q = 0, there is some ^ : ^(ji) — > 'f(ii) such that 1^ = v 2 7^ 0. Thus 
7^ 1/ G HomA(*(ji),*(ii)) and therefore ji > i x . Similarly, it can be seen 
that ji < «'xi proving the result. □ 

The above proposition allows us to introduce the following definition. 

Definition 2.9. Let ('J, <) be a proper pre-costratifying system of size t in 
mod(A), and let X G J 7 ^)- Then min (A) := min(D n ,x) for any ordered 
-filtration D n ^x of X , of length n. 

It follows directly, from the definition given above, that the following state- 
ment holds. 

Remark 2.10. Let ('J, <) be a proper pre-costratifying system of size t in 
mod(A), and let X G J 7 ^)- Then, there exists an exact sequence — > 
^(min (A)) — > A — > A' — > in .F(^), satisfying the following two conditions: 

(a) min (A') > min (A). 

(b) If A has an ordered ^-filtration of length n, then A' has an ordered 
^-filtration of length n — 1 . 

3. Constructing the family Q = {Q{i)}\ =1 

Let <) be a proper pre-costratifying system of size t in mod (A). The 
aim of this section is to prove the existence of a family of A-modules Q = 
{Q(0)l=i sucn t nat (*>Q)^) i s a proper costratifying system. The proof 
will be done under the hypothesis that ^(ind^^))) < 00. The following 
lemmas will be used in the sequel. 

Lemma 3.1. Let e : — > X ^} Y x © Y 2 Z — > be a non-split 

exact sequence in mod (A), where X and Z are indecomposable A-modules and 
Y\ ^ 0, Y 2 / 0. Then p iai = -[3 2 a 2 ^ 0. 

Proof. Suppose that fi\U\ = —f3 2 a 2 = 0. Then, it can be proven that A = 
Ker («i) ©Ker (a 2 ). Hence, using the fact that A is indecomposable, it follows 
that either Ker(ai) = or Ker (0^2) = 0. We may assume that Ker(ai) = 
(the proof for the other case is very similar). Therefore A = Ker (a 2 ) and 
so a 2 = 0. Thus Z ~ Coker((" f) 1 )) = Fi/a-i (A) © Y 2 . Furthermore, since 
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Z is indecomposable and Y% 7^ 0, we have that ai(X) = Y±. Hence a\ 
is an isomorphism and (a^ 1 0) (^j 1 ) = 1 A . Therefore e splits, which is a 
contradiction. □ 



Lemma 3.2. Let C be a class of objects in mod(A) closed under extensions, 
and let {Pi : — > X_i}™ =1 be a family of epimorphisms in mod(A). If 
Ker (/%) e C for all i e [1, n], then Ker(/3i • • • fj n ) € C. 

Proof. We proceed by induction on n. It is immediate that the lemma 
holds for n = 1. 

Let n > 1. Now, we consider the following exact and commutative diagram 




Ker(/3 n ) 



> Ker(A ••■/?„) 



Ker(£„) 



I s " 



-> X > 



► KerOSi ■■• / 8„_i) ► X n ^ Xq >0 



0. 

By hypothesis Ker(/3„) 6 C, and by induction Ker(/3i ■ • • f3 n -i) 6 C Thus, 
since C is closed under extensions, we have that Ker(/3i ■ • • f3 n ) £ C and this 
finishes the proof. □ 

To carry on the construction of the family Q = {Q(i)}* =1 , let us start with 
a family 'J' = {^(1)} having just one element, such that End A (^(l)) is a 
division ring. We need to construct an indecomposable module Q(l) and an 
exact sequence ei : -> Z(l) —> Q(l) — » *(1) -> 0, with Z{\) G J"({*(1)}), 
and such that Ext A (Q(l), ^(1)) = 0. We will do this through successive 
extensions in the following way: 

• If Ext A (tf (1), (1)) = 0, we choose Q(l) = 

• If Ext A (^(l), Vt'(l)) 7^ 0, we consider a non-split exact sequence — > 

*(1) Xi ^ X -> 0, where X = *(1). In case Ext A (Jfi, *(1)) = 
0, we choose Q(l) = X\. Otherwise, we iterate the above procedure 

and we find non-split exact sequences — > ^(1) — > Xi + i Xi — > 
for i > 1. Since all X t E J r (*), £\(X i+ i) > £\(Xi) and we are 
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assuming that ^A(ind(7 ^ (^ , ))) < oo, this process must stop. Thus, 
there is a natural n such that Ext A (X„, ^(1)) = 0, and we choose 
Q(l) = X n . If X n is indecomposable, the exact sequence — > Z(l) — > 

X n 01 -^4 n *(1) -> 0, with Z(l) = Ker(/3i • • ■ /?„), satisfies the required 
conditions because Z(l) G -7 r ( , 3>) (see Lemma [3T2|) . 
Let ^'({^(l)}) be the family of all the modules Xi which occur using the 
above procedure. Then, we have actually proved the following result. 

Lemma 3.3. Let ^(1) G mod(A) be such that EndA( x I'(l)) is a division ring 
and ^A(i n d(^ r ({^ / (1)}))) < oo. Then, there exists a non-split exact sequence 
-> Z{1) -> Q(l) -> *(1) -> such that Z{1) G J"({*(1)}) and Q(l) G 

So, we only need to show that the module X n constructed above is inde- 
composable. To do this, we will prove that each Xi in ^'({^(l)}) is indecom- 
posable. More generally, for a family = {^(l), ■ • • we next define 
the class J 7 '^) and later, in Proposition [3TT01 we will prove that the modules 
in J-'(^) are indecomposable. 

Definition 3.4. Let <) be a proper pre- co stratifying system of size t in 
mod (A). For each natural n, we inductively define the class j r 4(^E r ) as follows: 

(a) = and 

(b) suppose n > 1 and •T^-iO^') is already defined. Then X G ^F' n {^) tf 
and only if either X G -T^-iC^O or X admits an ordered $ -filtration 
of length n and a non-split exact sequence 

e„ : -> *(min (X j) -> X -> A' -> wif/i X' G 

Remark 3.5. (1) Observe that J 7 ^*) C C • ■ • C J 7 ^*) C 

for any n. 

(2) In the above definition e n is a sequence in ^({^(j) : j > min (X)}), 
and X' satisfies min {X 1 ) > min (X), as follows from Lemma l2~7l 

For a proper pre-costratifying system <) in mod (A), we will prove that 
any module X in ^'{9) is indecomposable. The proof will be done by in- 
duction on n such that X admits an ordered ^-filtration of length n. To do 
this, we will use that Coker(^) belongs to ^'({^(j) : j > min(X)}) U {0}, 
for any Y £ J-'({^(j) : j > min(A")}) and any arbitrary monomorphism 
n : \t(min(X)) — > Y. So, we start by studying further properties of monomor- 
phisms with domain ^(i) for some i G 

Definition 3.6. For any K G mod (A), we consider the class of all 
X G mod(A) satisfying the following property: 

For all f G HomA(A', X), f is either zero or a monomorphism. 
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Proposition 3.7. Let -> K X -A- Z ->• be an exact sequence in 
mod (A), and let L G mod(A). Then, the following statements hold. 

(a) If K G M L and 2eM L , fften X G M L . 

If~H.om.\(L, if) = and n : A — > X is non-zero, then (5r\ ^ 0. 
fcj 7/Z G M L and n : L ^ X is such that fin ^ 0, t/ien ?/ (L)fla = 0. 

Proof, (a) Assume that K G Mz, and Z G Mz,, and let ^ / : L -> X. We 
next prove that / is a monomorphism. Indeed, if /3/ = 0, then there exists 
f : L —> K such that / = a/'. Hence /' ^ and so /' is a monomorphism, 
getting in this case that / is a monomorphism. On the other hand, in case 
f3f : L — > Z is non-zero, it follows that f3f is a monomorphism, and then / is 
so. 

(b) The proof is straightforward. 

(c) Let Z G M L and n : L — > X be such that ^ (3n : L — > Z. In particular, 
since Z G M^, it follows that /3n is a monomorphism. 

We now prove that 77 (L) n a (A') = 0. Let A = n (x) = a (y) with x G L 
and j/ G K. Then [3r] (x) = f3a (y) = and since fin is a monomorphism, we 
conclude that x = and hence A = 0. Therefore 77 (A) n a (AT) =0. □ 

Proposition 3.8. Let <) be a proper pre- co •stratifying system of size t in 
mod(A). If X G and A < min(X) ; then X G M* (A) . 

Proof. Let X G ^ r (^ / )- We write min(AT) = io for short and consider A < £q. 
We proceed by induction on n such that X admits an ordered ^-filtration of 
length n. 

If n = 0, we have that X = and sole M$^) . On the other hand, if n = 1 
then X ~ ^(io) and A < io- Hence, the result follows directly from (a) and 
(b) of Definition [231 

Let n > 1 and suppose that X admits an ordered ^-filtration of length n. 
If A < zo then by Remark 12. A\ we get that Hom.A( 1 $(X), X) = and so 
X G Mtpm. Assume now that A = iq. By Remark |2.10[ we know that there 
exists an exact sequence 

e : *(i ) X -A X' 

with min(X') > io and such that X' has an ordered ^-filtration of length 
n — 1. Then, by induction, AT' G M^m). Now, by applying Proposition 13.71 
(a) to £, we obtain that X G M^(^). □ 

Proposition 3.9. Let ("J, <) be a proper pre- co stratifying system of size t in 
mod (A) and n G N. Then, for any X G J^(^) and any non-zero morphism 
n : #(min(X)) -)■ X, we kw tfwrf X/r?(#(min(X))) G U {0}. 

Proof. Let us consider X 6 J 7 '^^), io = min(X) and a non-zero morphism 
ry : ^(io) — > X. We proceed by induction on n. 
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If n = 1 then X = *£(io) and hence 77 is an isomorphism, so X/r)(^(io)) = 0. 
Let n > 1. If X e then by induction we get that X/r](^ (min(X))) £ 

u {0} ^ ^n-i(*) u Otherwise, there exists a non-split exact 

sequence 







P, 



*(i ) X X' -> 0, 

with X' e By Remark [33] (2), we know that min(X') > i . Thus, 

by Proposition GOO we conclude that X' g M^ (io) . If a(*(i )) = »?(*(io)) 
then X/f/(*(io)) si X' e 

Let a(*(i )) ^ j?(*(i )). We assert that ^ /3n : *(i ) -> X'. Indeed, if 
/3?7 = 0, there exists an ?/ : ^(io) — ► *(*o) sucn that 77 = ary', hence 77' is 
an isomorphism since 77' 7^ 0. Therefore 77(^(10)) = o^t/^^o))) = Q^^o)), 
contradicting our hypothesis and proving that (3n ^ 0. So, from X' £ M $ ( io ) 
and Proposition ^. 71 (c), we conclude that /3?7 : ^(io) — > X' is a monomorphism 
and a(^(«o)) H 77(^(^0)) = 0. Therefore, we get the following exact and 
commutative diagram 











-> 



> *(io) 

1" 

e : ► *(i ) - > X 



-> /8»7(*(io)) 

I 



->• 



->• 



e' : ► *(*o) ► X/?7(*(io)) > X'/^(*(i )) ► 




Since X' 6 we get by induction that X'/0r)(V(i o )) G J r J ' l _ 2 (*)U{0}. 

If X'/0n(9(i o )) = then Jf/»j(*(io)) =s *(»o) 6 ^{(*) Q K-iW- In case 
X'/^(*(io)) e ^„_ 3 ($), since X' / 0rj(^(i o )) has an ordered ^-filtration of 
length n — 2, we obtain that X/r](^(io)) has an ordered ^-filtration of length 
n—1 (see £•'). Moreover, the sequence e' does not split (use the non-split 
sequence e), and therefore X/r)(^(io)) G J r ' l _ 1 (*). □ 



Proposition 3.10. Let <) 6e a proper pre- co stratifying system of size t 
in mod (A). Then, any A-module in J-'(^/) is indecomposable. 

Proof. Let X G J-' n {^!') and iq = min(AT). We show, by induction on n, that 
X is an indecomposable A-module. If n = 1 then X = ^(io) and hence X is 
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indecomposable. 

Let n > 1. If X G J r ,' l _ 1 ( v I / ), then by induction we get that X is indecom- 
posable. Otherwise, there is a non-split exact sequence e : — > ^(io) 

X —> Z — > with ^e^-if*). Hence, it follows that Z is indecomposable 
by induction. 



Suppose that X = X' © X" with A' ^ and X" ^ 0. Hence a = 




*(z ) -> X' © X" and /3 = (/?' /3") : X' © X" -> Z. Therefore, by LemmaEU 
/3'a'(*(i )) = -j9"a"(*(i )) # 0. Thus, by Proposition EH we have that 
/3"a" : ^(io) — ^ and : ^(«o) — > Z are monomorphisms. In particular, 
a' and a" are monomorphisms. Moreover, from /3' a' (io)) = — (3" a" (*f! (io)) , 
we get that the epimorphism : X — > Z induces an epimorphism 

X'/atWio)) © X"/a"(V(i )) A Z/P'a'(*(i )). 

We assert that /3 is an isomorphism. Indeed, it follows easily from the equal- 
ities 

£ A (X'/a'(*(i )) © X"/a"(*(i ))) = £ A (X) - l A (*(i )) - £ A (*(*o)) = 

= * A (Z) - *a(#(*o)) - 4(^'a'(f(io))). 
In what follows, we show that Z / f3' a' (io)) is indecomposable. Suppose 
that Z/j8'a'(*(«o)) = 0. Then, by the isomorphism /3, we have X' = a'(\&(i )). 
Hence, the morphism ((a') -1 0) : X' © X" — >■ ^(io) gives us that e splits, a 
contradiction, proving that Z '/ (3' 'a' r (io)) 7^ 0. Now, we consider the exact 
sequence 

e' : — > *(i ) ^> Z — >• Z//3V(*(i )) — )■ 0. 
Since Z e J^-iC*), h follows from Proposition 1331 that Z / f3' a' (i )) be- 
longs to J r ,' l _ 2 (*) u So, by induction, we get that Z / f3' a' (i )) is inde- 
composable. 

Finally, using that the map (3 is an isomorphism, we have that a'(^(io)) = 
X 1 or a"(^(io)) = X", and hence e splits, a contradiction. Therefore, X is 
an indecomposable A-module. □ 

We are now in a position to prove the main result of this section. 

Theorem 3.11. Let , <) be a proper pre- co stratifying system of size t in 
mod (A). If £ A (md( J- (ty))) < oo then there exists a family Q = {<3(£)}* =1 of 
A-modules in J 7 '^) such that {^,Q,<) is a proper costratifying system of 
size t in mod (A) . 

Proof. Let (^(m^J-^))) < oo. Since modules in J r '( v I') are indecomposable 
(see Proposition 13 . 10|) . the proof is completed by showing that there exists a 
family Q = {Q(i)}| =1 of A-modules in J r '(4'), satisfying conditions (c) and 
(d) in Definition 12.11 To prove this, we proceed by induction on the size t of 
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\E'. If t = 1, the result follows directly from Lemma [3731 

Let t > 1. For the sake of simplicity, we may assume that the order < in [1, t] 
is the natural one. So, we have that <), with * = {*(2), *(£)}, is a 
proper pre-costratifying system of size t — 1 in mod (A). Therefore, from the 
inductive hypothesis applied to the smaller system, we conclude the existence 
of a family Q = {Q{i)}\ =2 in C satisfying: 

(c) for each i G [2,i], there is an exact sequence 

£i : ->• Z(i) -> 4 -> 0, 
with Z(i) G : 2 < j < i}); and 

(5) Q c 

Now, consider the family with just one element {^(1)}. For this case, we have 
already proved the theorem. Thus, there exists an exact sequence 

El : ->• Z(l) -> Q(l) A *(1) ->• 0, 

with Z(l) G Q(l) G C ^'(*) and Ext A (Q(l), (1)) = 

0. Thenei satisfies (c) in Definition l2.il Furthermore, since Q(l) G J 7 ({4'(1)}) 
and Ext A (*(l),*(j)) = for j > 2, we have that Ext A (Q(l), = 0. Thus 
(d) in Definition O holds. 

We next construct the required exact sequence £j for each i G [2,t]. If 
Ext A (Q(i), *(1)) = 0, then we set gj = £j and = Q(i). 
Suppose that Ext A (Q(i), 4 r (l)) ^ 0. Then there exists a non-split exact se- 
quence 

<5i : -> *(1) ->• X a ^Q(i)-M). 

Since G •F'C*), we have that X x G •F'C*). Moreover, X% G 

as follows by applying Hom A (— , ^(j)) to 5i, with j 6 [2, i]. On the other 

hand, we have the exact sequence z^i : — > K\ —> X\ A ^> 1 — > where 
K x = Ker(A 4 /3i). Then, by Lemma El K x G : J < «})• Thus : if 

Ext A (Xi, = 0, we conclude that £j = v\, with = X\, satisfies the 

required conditions. 

Assume now that Ext A (Xi,*(l)) ^ 0. Then there exists a non-split ex- 
act sequence 6 2 : ->■ *(1) ->■ X 2 A X 2 -> 0. Thus X 2 G because 
-X"x £/'($). Analogously, from X x G 1 * we have that AT 2 G Moreover, 

by Lemma [3721 we have an exact sequence v 2 : — > AT 2 — ► AT 2 **^-^ 2 — > 
where if 2 G T{{^>(j) : j < i}). Iterating this procedure, we obtain non-split 

exact sequences 8j : -> *(1) -> X,- A X,-_i -> with Xj G J 7 '(*)n ±1 *, for 
l<j<k. Since ^v(Xi) < £ A (X 2 ) < • ■ ■ < ^a(Xc) and £ A (ind( < oo, 

we eventually reach some X n G -T 7 '^) such that Ext A (X„, ^(1)) = 0, and 

then X n G Therefore, the exact sequence -> Z(i) Q(i) A 
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with Q(i) = X n , f3 = ■ ■ ■ fin and Z(i) = Ker(/3) satisfies the required 

conditions. □ 

Corollary 3.12. Let A be an artin algebra of finite representation type. Then 
any proper pre- co stratifying system (^ , <) of size t in mod (A) defines a proper 
costratifying system ("P, Q, <) of size t in mod (A). 

4. Some homological characterizations. 

Throughout the rest of this paper, for M in mod (A) we consider the artin 
algebra Tm = End(\M) op and the functors 

F M 

mod (A) ^ mod(r), 

Gm 

where F M = Houla(.A/, — ) and Gm = M ®t —, as well as the functors 

Fm 

mod (A) <=> mod(r op ), 

Gm 

where Fm = HoniA(— ,M) and Gm = Homr°p ( — , M). We also have the 
functor * = Homr(— ,r) : mod (r) — > mod(T op ). This functor induces a 
duality * : proj (T) — >■ proj (r op ), whose quasi-inverse Homr»p (— , r op ) is also 
denoted by *. Finally, we denote by D the usual duality for artin algebras. 

We recall that the functors Fm and Gm induce, by restriction, inverse 
equivalences between add(M) and proj (T). Furthermore, the functors Fm 
and Gm induce, by restriction, inverse dualities between add (M) and proj (r op ) 

Lemma 4.1. Let M be in mod (A). Then the following statements hold. 

(a) (Gm o * o FA/)|add(A/) — ladd(M)- 

(b) (* O FjVf)|add(M) — ^M|add(M)- 

Proof. (a) For any X <E add(M), we have the following natural iso- 
morphisms Gm(Fm{X)*) = Rom r op(F M (X)*,M) ~ F M (X)** ® r o P M ~ 
F M (X) ® r o P M ~ M ® Y F M (X)^ G A£ o F M (X) ~ X. 

(b) It follows from (a) since (Fm ° Gm)\pto] (t°p) — l P roj(r°p)- D 

We next recall the definition of the class C^(M), which was introduced 
by Platzeck and Pratti in |PPj (the notation, used in |PPj . for such a class 
is C^ f ). The objects in C£(M) arc the A-modules X admitting an exact 
sequence in mod (A) 

M 2 -> Mi -> Mq — > A — > 
with Mi £ add (M), and such that the induced sequence 

F M (M 2 ) -> F M (Mi) -> Fm(Mq) -> Fm(X) -> 



14 



O. MENDOZA, M. I. PLATZECK AND M. VERDECCHIA 



is exact in mod (T). 

Dually, we define the class (M) , consisting of the A- modules Z admitting 
an exact sequence in mod (A) 

-> Z -> Mo Mi -> M 2 , 

with Mj 6 add (M), and such that the induced sequence 

F M {M 2 ) -)• -> Fm(M ) -)• Fjf(Z) ->■ 

is exact in mod (r op ). 

Remark 4.2. Let M be in mod (A). Then, since Fdm ° -D ~ Fjvf and £) o 
G DM ^ we have that L>(C* 2 V (M)) = C£(DM). Furthermore, T M ~ r^ p M 
as rings. 

Proposition 4.3. Lei M &e m mod (A), and Zet C be a class of objects in 
mod (A) such that M E C u . If F{C) C C^(M) fften i/ie restriction F M \r(c) ■ 
J-{C) — > J-(F(C)) is an exact duality with quasi inverse Gm\j?(f(C)) ' •^C^X^)) — ^ 
J-(C). 

Proof. It follows from Remark 14.21 that this result is dual to the statement 
of Theorem 2.10 in jMPVj . □ 

For a given family M = {M(i)}f =1 of objects in mod(A), wc set M = 
©i = i M(i). We now recall the definition of an Ext-injective stratifying sys- 
tem. 

Definition 4.4. |ES| Definition 1.1] An Ext-injective stratifying system (G, Y, < 
) of size t in mod(A), consists of two families of non-zero K-modules G = 
{G(i)}' =1 and Y_ = {Y(i)Y i=1 , with Y(i) indecomposable for all i, and a lin- 
ear order < on the set [l,t], satisfying the following conditions. 

(a) Hom A (G(i),Q(i)) = ifi>j. 

(b) For each i € [l,i], there is an exact sequence 

-> 9(i) -> -> 0, 

ratt Z(i) € ^({Q(i) : i < *}). 

(c) Exti(- Y)\& = 0. 

Throughout the rest of the section Y_ denotes the family of indecomposable 
A-modulcs Y_ — {Y(i)Y i=1 , and we consider T = End(AY) op and the functors 
F = Fy , G = Gy , F = Fy and G = Gy . We also consider the representative 
set r°pP = {r°pP(i) ■ i £ [1 , i] } of indecomposable projective r op -modules, 
where T °pP(i) = F(Y(i)) for all i. 

Remark 4.5. Notice that we have two representative sets of indecompos- 
able projective r op -modules: r°pP (defined above) and r°pP = {r°pP{i) = 
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F(Y(i))* : i G [l,i]}. By Lemma O (b), it follows that r°p^(«) ^ r°pP(i) 
for all i. In particular, if < is a linear order on [1, t] and < op the opposite order 
to <, there is no difference (up to isomorphism) between the family of stan- 
dard (proper standard) r op -modules computed by using either (r°p-P, <° p ) or 
(ropP, <°p). 

We will need the following result, proven by E. Marcos, O. Mendoza and C. 
Saenz in IMMSlj , which gives necessary and sufficient conditions for a family 
of indecomposable A-modules Y_ to admit an Ext-injective stratifying system 

(e,r,<). 

Theorem 4.6. [MMSI1 Theorem 2.3] Let Y = {Y{i)}\ =l be a set of pair- 
wise non- isomorphic indecomposable A-modules, and < be a linear order on 
[l,t]. Let r°pA be the family of standard T op -modules corresponding to the 
pair {r°pP,< op ), where < op is the opposite order of <. Then the following 
statements, (I) and (LL), are equivalent. 

(I) There exists a family = {0(i)}* =1 in mod(A) such that (&,Y_, <) 

is an Ext-injective stratifying system. 
(II) (a) Extro P ( r °pA, vpY) = and the pair (r op ,< op ) is a standardly 
stratified algebra. 

(b) There is a full subcategory A of mod(A), closed under extensions, 
and such that Y C A D A u . 

(c) The restriction F\a ■ A — > J-^ropA) is an exact duality with quasi 
inverse G\jr( rop A) : J 7 (r°pA) -> A. 

Moreover, if one of these equivalent conditions hold, then A is uniquely deter- 
mined (up to equivalences) by the family Y_. More precisely, A ~ J~(Q) and 
Q(i) ~ G( rop A(i)) for all i G [l,t]. 

If we only assume that condition (a) in (II) holds then condition (b) in 
the definition of an Ext-injective stratifying system holds, as we prove next. 

Lemma 4.7. With the hypothesis and notations of Theorem \4-6] let $ = 
{$(i)}* = i where = G( rop A(i)) for all i. If the pair (T°p, <°p) is a stan- 
dardly stratified algebra and Extp op (r°p A, r°pY) = 0, then the following con- 
ditions hold. 

(a) For each i G there is an exact sequence 

$(i) —¥ Y(i) —} Z(i) 0, 

withZ(i)£F({$(j):j <i}). 

(b) If, moreover, Ext A ($,y) = then, for each M G J~(<&), there exists 
an exact sequence 

M —>Y' —> M' -> 



in J"($) with Y' G add (Y). In particular J"($) C C%(Y). 
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Proof. (a) Suppose that Extp op (r°p A, r°pY) = 0. Then, G|^( r „ P A) : 
J"( r °pA) -> mod(A) is exact on F^pA). Since (T p,<°p) is a standardly 
stratified algebra, we have for each i G an exact sequence in .F(r°pA) 

-> I7(i) -> r opP(i) -> r opA(i) — » 0, 

with U(i) G J"({ rop A(_7) : j > op i}). By applying G to the above sequence, 
we get the following exact sequence in mod(A) 

-> G( r „ p A(i)) -»• G( rop P(i)) -)• G(U(i)) -> 0. 

Since $(») = G( r „ P A(i)), G( rop P(i)) = <?(F(y(i))) ~ and also G(U(i)) G 
•^"({^0) : i < the condition (a) follows. 

(b) Let M G F(§). We consider a <I>-filtration of M 

= M C M x C ... C M„_i C M n = M, 

where M k jM k _ x ~ for all 1 < fc < n. 

Using (a), Snake's Lemma and the fact that \Y G J r ($)- Ll , we get an exact 
and commutative diagram in -F($) 



1 I I 

> $(ii) > M 2 > $(i 2 ) > 

o ► y(tx) ► r(ii)ey(t 2 ) ► y{% 2 ) ► o 

> Z{h) > Z 2 > Z(i 2 ) > o 





In particular, the middle vertical sequence — > M 2 — > Y{ii)®Y(t2) — > Z 2 — > 
gives us the required exact sequence for n — 2. The result follows by iterating 
this argument. □ 

Using Proposition ^. 3l and Lcmma [4.7l fb'). we can prove the following result, 
where for a given family Y_ — {Y(i)} f i=1 of A-modules, we consider V = 
End( A y) op and the functors F = F Y and G = G Y . 

Theorem 4.8. LetY_~ {Y(i)}l =1 be a set of pairwise non-isomorphic inde- 
composable A-modules, and < be a linear order on Let r°pA be the family 
of standard T op -modules, computed by using the pair (r°p-P, < op ), where < op 
is the opposite order of < and r°p-P(*) = F(Y(i)) for all i. Then, there exists 
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a family 9 = {0(i)}f =1 in mod(A) such that (Q,Y_, <) is an Ext-injective 
stratifying system if and only if the following conditions hold. 

(a) The pair (T op , < op ) is a standardly stratified algebra. 

(b) Ext^ P (ropA,ro P y) = = Ext A (G( r °» A), A Y). 

If these conditions hold, the Ext-injective stratifying system (Q,Y_, <) is uniquely 
determined (up to isomorphism) and Q(i) — G( Top A(i)) for all i G [l,t]. 

Proof. Suppose that there exists a family = {0(i)}* =1 in mod(A) such 
that (Q,Yj <) is an Ext-injective stratifying system. Then, by Theorem 14.61 
we get that there exists a full subcategory A of mod(A) such that G|_7r( rop a) £ 
A and Y C A u . Hence, Ext A (G( r op A), A F) = 0. The rest of the proof of 
(a) and (b) follows immediately from the same theorem. 

Assume now that (a) and (b) hold. Since (T op , < op ) is a standardly strat- 
ified algebra and Extp op (r°p A, r°pY) = 0, the proof is completed by showing 
that (b) and (c) in Theorem hold. Let A = J"(G(r°* A)). By apply- 
ing Lemma [4.71 (a) and the equality Ext A (G(r°p A), a^) = 0, we have that 
Y_ C A fl A . On the other hand, it follows from Lemma 14.71 (b) that 
A C C%{Y). Then (c) in Theorem SU holds by Proposition EE1 □ 

An algebra A is standardly stratified if and only if aA is filtered by the 
standard modules. The fact that this is the case if and only if D(Aa) is 
filtered by the corresponding proper costandard modules (see [D] , Proposition 
2.2) and also the Remark 14.51 allow us to adapt the proof of Lemma [4.71 to 
prove the following result, which will be useful later. 

Lemma 4.9. Let Y_ = {Y(i)}l =1 be a set of pairwise non-isomorphic inde- 
composable K-modules and < be a linear order on [l,t]. Let r°pV be the fam- 
ily of proper costandard T op -modules computed by using the pair (r°pI,< op 
), where r°pl is the representative set of injective T op -modules defined as 
T o P I(i) = D(F(Y(i))) for all i. If (T°P, < op ) is a standardly stratified algebra, 
Tor^(y,rA) = and = G(pA(i)) for all i, then the following conditions 
hold. 

(a) For each i G there is an exact sequence 

Z(i) -> Y(i) -> 0, 

with Z{i) e : j < »}). 

(b) If, moreover, Ext A (Y,$) = then, for each M G F{<&), there exists 
an exact sequence 

->• M' ->• Y' M 
m J"($) with Y' G add (F). in particular 7 7 ($) C C^(F). 
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5. Relation between proper costratifying systems and 
ext-injective stratifying systems. 

Generalizing results of C. M. Ringel for quasi-hereditary algebras, it is 
proven in [AHLUj and [PR] that, for a standardly stratified algebra (A, <), 
there exists a tilting A-module T = {T(i)}™ =1 , called the characteristic tilting 
module, such that add(T) = J"( A A) n J(aA) 11 and the pair (End A (T), <°p) 
is again a standardly stratified algebra. Moreover, (aA, {T(i)}™ =1 , <) is an 
Ext-injective stratifying system and (aV, {T(i)}™ =1 , <) is a proper costratify- 
ing system. This raises the question: 

Given a set Q = {Q(i)}* =1 of pairwise non-isomorphic indecomposable A- 
modules and a linear order < on how does the existence of a proper 

costratifying system ('J, Q, <) relate to the existence of an Ext-injective strat- 
ifying system (0, Q, <)? 

This section is devoted to answer this question. 

We use throughout the following notation. Let Q = {Q(i)}| =1 be a set of 
pairwise non-isomorphic indecomposable A-modules, < be a linear order on 
[l,t], and Q = i=1 <?(«)• We consider T = End( A Q) op and the functors 
F = F Q , G = G Q , F = F Q and G — Gq. According with Remark |4"3I 
the family r°? A can be computed by using either (r°pP, < op ) or (r°p-P, < op ), 
where r°p-P(«) = F(Q(i)) and r°pP(i) = F(Q(i))* for all i. We also con- 
sider the family pA, which is computed with the order < op on [l,t], by us- 
ing the representative set rP of projective indecomposable T-modules, where 
T P(i) = F(Q(i)) for all i. 

5.1. From proper costratifying systems to Ext-injective stratifying 
systems. 

Let (^P, Q, <) be a proper costratifying system of size t in mod (A). We 
recall from jMPVl Theorem 4.3], that (T° p , < op ) is a standardly stratified 
algebra and the restriction -F|jf(*) : J 7 ^) —> ^(rA) is an equivalence with 
quasi inverse G|jr( r A) : -^"(rA) — > F^). 

In our next theorem we state, for a given proper costratifying system 
(^)Qi<)i necessary and sufficient conditions for the existence of a family 
= {0(i)}| =1 , in mod(A) such that (0,Q, <) is an Ext-injective stratifying 
system. 

Theorem 5.1. Let ( x f',Q,<) be a proper costratifying system of size t in 
mod (A). Then, the following conditions are equivalent. 

(a) There exists a family = {0(i)}| =1 in mod(A) such that (0,Q, <) 
is an Ext-injective stratifying system. 

(b) Ext^ p(r°pA, r o P Q) = = Ext A (G( r °p A), A Q). 

If these conditions hold, the system (0,Q,<) is uniquely determined (up to 
isomorphism) and 0(i) — G(r°pA(i)) for all i. 



EXISTENCE AND CONSTRUCTION OF PROPER COSTRATIFYING SYSTEMS 19 



Proof. The proof follows directly from Theorem I4.8| since by |MPV| Theo- 
rem 4.3] we know that (r op , < op ) is a standardly stratified algebra. □ 



Example 5.2. In the following example we give a proper costratifying system 
($,Q,<) and apply Theorem 15.11 to get an Ext-injcctive stratifying system 

(e,Q,<). 

Let A be the path algebra given by the quiver 

o ► o > o, 

12 3 

with the natural order 1 < 2 < 3. Consider * = {*(1) = 3, *(2) = 1, *(3) 

1 

\) and Q = {Q(l) = 3, Q(2) = 1, Q(3) = 2 }. Then (f, Q, <) is a 

3 

proper costratifying system of size 3 in mod(A). In this case, the algebra 
pop _ E n d A (Q) is given by the quiver 




with the relation fie = 0. We consider (T°p, <°p), where 3 < op 2 <°p 1. Then 
the corresponding standard modules arc r°pA = {r°pA(l) = , r°pA(2) = 

2, r °pA(3) = 3}, and rop Q = * © 3 © 1 . Since r °pA(l) and r °pA(2) arc 

projective modules, and po P Q(l) and p op Q(3) are injective modules, we get 
that Ext rop (r°p A, popQ) = 0. It remains to check that Ext\(G(r°p A), A Q) = 
0. Since G( r °pA(l)) = G{ rop Q(3)) = A P(3) and G( r °P A(3)) = G( r „ P Q(2)) = 
aP(2) are projective modules, then the required condition holds. On the other 
hand, a computation shows that G(r°p A(2)) = 1 and Ext A (G(r°p A(2)), A Q) = 
0. Thus, by Thcorcm l5.1[ (9, Q, <) is an Ext-injective stratifying system with 
9(1) ~ G( r °pA(l)) = 3, 9(2) ~ G( r o P A(2)) = 1 and 9(3) ~ G( r °pA(3)) = 
2 

3 " 

5.2. From Ext-injective stratifying systems to proper costratifying 
systems. 

The aim of this subsection is to find, for a given Ext-injective stratifying 
system (9,Q,<), necessary and sufficient conditions for the existence of a 
family = {^(i)}l =1 in mod(A) such that (\f', Q, <) is a proper costrati- 
fying system. We first consider the more general problem of studying the 
existence of such a proper costratifying system (\&, Q, <) assuming only that 
Q = {Q(*)}i=i is a family of pairwise non-isomorphic indecomposable A- 
modules. In analogy with |MMS1[ Theorem 2.3] and Theorem 14.81 we prove 
the following result. 
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Theorem 5.3. Let Q = {Q(i)}* =1 be a set of pairwise non-isomorphic inde- 
composable A-modules. Then, the following conditions (I), (II) and (III) are 
equivalent. 

(I) (a) (r op , < op ) is a standardly stratified algebra and Tor^(Q, pA) = 0. 

(b) There is a full subcategory B of mod (A), closed under extensions, 
and such that Q C B fl 1 £>. 

(c) The restriction F\b ■ B — > J-'(rA) is an exact equivalence of 
categories with G\jrr T A) '■ -^"(rA) — > B as a quasi inverse of F\g. 

(II) There exists a family ^ = {^(i)}- =1 in mod(A) such that Q, <) 

is a proper costratifying system. 
(Ill) (a) (T op , < op ) is a standardly stratified algebra, 
(b) Tor[(Q, r A) = = Ext A ( A Q, G( r A)). 

Moreover, if these conditions hold, then B is uniquely determined by the family 
Q. More precisely, B ~ J 7 ^) and *fr(i) ~ G( r A(£)) for all i G [l,t]. 

Proof. (I)^(II). Assume that (I) holds. Let := G( r A(i)) for all 
i G [1, t]. To prove that (vff, Q, <) is a proper costratifying system, we have to 
show that the conditions of jMPVl Definition 3.1] arc satisfied. 

(a) Since EndA(*(«)) ^ End r (rA(«)), it follows that End A (#(i)) is a 
division ring for all i £ [l,t]. 

(b) Since Hom A (*(i), *(.?')) =i Hom r ( r A(i), r A(j)), we get that 

Hom A (*(i), = for 3 <° P i - 

(c) We have to prove that, for each i G [l,t], there is an exact sequence 

Z{i) -> Q(i) -> -> 0, 

with Z(i) G : j < £}). In fact, this follows by Lemma [01 (a) 

applied to $ := <3/ and Y_ := Q. 

(d) Ext A (Q, *) = since * = G( r A) C B and QCBn ±1 i3. 

(II)=>(III) Let Q, <) be a proper costratifying system. Then, by jMPVl 
Theorem 4.3], we get that (r op ,< op ) is a standardly stratified algebra and 
~ G( r A(i)). Thus, Ext A ( A Q,G( r A) ) = 0, by definition of proper cos- 
tratifying system. Finally, it follows from |MPV( Proposition 2.5] that 
F(T(V)) C F(C 2 A (Q)) C Ker Tbi?(Q, -). 

(IH)=KI) Let B := J"(G( r A)). The arguments in the proof of "( »" in 
Theorem 14.81 can be adapted to this case, by using Lemma 1431 and [MPV1 
Theorem 2.10]. □ 

We are now in a position to show the main result of this section, which is 
an analogue of Theorem 15.11 and we state in the next theorem. 

Theorem 5.4. Let (6,Q,<) be an Ext-injective stratifying system of size t 
mmod(A). Then, the following conditions are equivalent. 
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(a) There exists a family ^ = {^f(i)}l =1 in mod (A) such that (\I/,Q, <) 
is a proper costratifying system. 

(b) Tor[(Q, r A) = = Exti(Q,G( r A)). 

If these conditions hold, the system (v&,Q,<) is uniquely determined (up to 
isomorphism) and ~ G(pA(i)) for all i G [l,i]. 

Proof. The proof follows immediately from Theorem 15.31 and Remark 14.51 
since by jESj we get that (r op , < op ) is a standardly stratified algebra. □ 

The following results show that, for a given family Q of A- modules over 
an algebra A not necessarily standardly stratified, the simultaneous existence 
of O and "J such that (6,Q,<) is an Ext-injcctive stratifying system and 
O^j Qi <) is a proper costratifying system, implies that T op = End( A Q) is a 
standardly stratified algebra and rop Q coincides with the characteristic tilting 
module associated to T op . 

Corollary 5.5. Let (^Q,^) be a proper costratifying system of size t in 
mod (A). Then, the following conditions are equivalent, where r°pT is the 
characteristic tilting module associated to the standardly stratified algebra 
(V°P } <°PV 

(a) There exists a family Q = {0(-i)}* =1 in mod(A) such that (0,Q,<) 
is an Ext-injective stratifying system. 

(b) T o P Q ~ r°pT and Ext\(G(r°p A), A Q) = 0. 

Proof. (a) =4> (b) Suppose that (O, Q, <) is an Ext-injective stratify- 

ing system. Since ("f, Q, <) is a proper costratifying system, it follows from 
Theorem O that Ext\(G(r°p A), \Q) = 0. To prove that Top Q — r°pT, it is 
enough to show that T o P Q e T{ T o P A) n F{ r °p A) Xl = add( r o P T) (see jAHLUl 
Proposition 2.2]). From Theorem IQ1 (b) we have that Torf(Q, r A) = 0. 
Then, by [Cll page 120], Ext r „ P ( rop Q, r °pV ) ^ £>(Tor[(Q, r A)) = 0, that 
is, Q e il J( r »pV) = J"( r °pA) (see [AHLUl Theorem 1.6]). On the other 
hand, we get from Theorem 15.11 (b) that Extp op (r°p A, rop <3) = 0, that is, 
Q e TiropA)^. Thus (b) holds. 

(b) (a) Since y°pT is the characteristic tilting module, then we get 
Extpo P (r°p A, T o P Q) ~ Extpo P (r°pA, r°pT) = 0. Therefore, (a) follows from 
Theorem □ 

We illustrate this result with the following example. 
Example 5.6. Let A be given by the quiver 

P 

O 

o -< o o 

a. 7 
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1 2 3 

with the relations f3 2 = 0, f3a = and 7/3 = 0. Consider the natural order 

3 

1 < 2 < 3, and the sets * = {*(1) = 2, *(2) = 2 , W(3) = \} and 

1 

3 

Q = {0(1) = 2 . <3( 2 ) = 2 > <9( 3 ) = 1 2 2 >■ Thcn is a 

proper costratifying system of size 3 in mod(A). In this case, r op = End(A<3) 
is given by the quiver 

<=2 o > o 

1 s 3 2 

with the relations e/x = and /z<$/Lt = 0. By |MPV1 Theorem 4.3], we know 
that (r op , < op ) is a standardly stratified algebra. The characteristic tilting 
3 

13. 
module is r°pT = ^ (B ^ ® ^' which is not isomorphic to y°pQ = 

1 

3 

2 12 

^ © ©2. Hence it follows from Corollary 15.51 (b) that there exists 

1 

no family = {G(i)}| =1 in mod(A) such that (0, Q, <) is an Ext-injective 
stratifying system. 

The following result is proven by using similar arguments to those used in 
the proof of Corollary [53] 

Corollary 5.7. Let (0, Q, <) be an Ext-injective stratifying system of size 
t in mod (A). Then, the following conditions are equivalent, where r°pT is 
the characteristic tilting module associated to the standardly stratified algebra 
(T op , < op ). 

(a) There exists a family ^ = {^(1)}*=! in mod (A) such that (^Qjf^) 
is a proper costratifying system. 

(b) r „ P Q ~ r °pT and Ext A (Q, G( r A)) = 0. 
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